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a b s t r a c t

Particle breakage of granular materials is a phenomenon of great importance in engineering practices.
This paper presents a unified particle breakage model for granular materials, which is able to capture
the evolution of the particle size distribution (PSD) of each size fraction of particles. A novel experimental
technique using dyed gypsum particles (DGPs) to track the fractional particle breakage was first adopted
in the one-dimensional compression tests. A unique path of the fractional particle breakage, regardless of
whether the particles were in a polydisperse medium or in other different granular assemblies, was then
experimentally identified. This result has inspired the introduction of the definition of a fractional break-
age index, based on which the breakage-plastic work relationship for overall granular assemblies was
extended to describe the fractional particle breakage. The established fractional particle breakage model
differs from most existing particle breakage models in that it is able to capture both the evolution of the
fractional and the overall PSDs of granular materials, even when the initial PSD of the granular material
surpassed partially the theoretical fractal PSD. These results set a vision to predict and understand the
particle breakage of granular materials in industrial activities.

� 2020 Elsevier Ltd. All rights reserved.
1. Introduction

Particle breakage of granular materials is an important phe-
nomenon that has given rise to increasing concern due to both
its scientific and engineering interest. In particular, particle break-
age in civil engineering, such as driving piles in sands, settlement
of high rockfill dams, and compaction of graded crushed rocks
[1–4], has raised the question of how to quantify its influence on
the mechanical response of granular soils. Extensive efforts, rang-
ing from laboratory tests to physically-based analyses, e.g.,
micromechanical and thermodynamic analyses [5–9], have
pointed out that the grain crushing of particles in granular media
must be related to the change of the particle size distribution
(PSD), so that the amount of particle breakage, as well as its rela-
tionship with the mechanical properties can be measured.

The evolution of the PSD can be measured by conducting con-
ventional sieving tests on parallel specimens at different stages
of loading [10–16]. As the conventional sieving tests can only
obtain the collective particle breakage, a lot of detailed information
during grain crushing cannot be observed. X-ray tomography,
which was often used in granular physics to investigate the tomog-
raphy of the contact fabric, has also been used to understand the
mechanism of the particle breakage [17–19]. Other experimental
techniques, such as high-speed camera method, are also proven
to be effective in inspecting the particle breakage [20–22] . DEM
simulations have been proven to be another powerful tool in cap-
turing the micromechanical behavior during particle breakage. Dif-
ferent particle breakage simulation techniques in DEM, including
agglomerate method [23–25] and particle splitting method[26–
27] have been widely used to reveal more detailed information
rushing
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Nomenclature

a material constant for a given granular soil, see equation
(15)

Br Einav’s relative breakage index
Br(d) fractional breakage index
d particle size
d0 reference particle size, see equation (19)
di characteristic particle size of fraction i
dm, dM minimum and maximum particle size
D fractal dimension
m Weibull modulus
p0(d) initial particle size distribution for the whole sample
P0(d), P(d), Pu(d) initial, current and ultimate cumulative mass

distribution
Pf0(di, d), Pf(di, d), Pfu(di, d) initial, current and ultimate mass per-

centage of particles smaller than d for the fractional par-
ticles with characteristic size di. same definitions for
Pf0(D, d), Pf(D, d), Pfu(D, d)

Ps(r, d) survival probability of particles with size d under stress
r

V0(d) Cumulative volume of particles with initial sizes small
than d

V0
t initial total volume of a granular assembly

dWp(d) plastic work input into the particles with initial sizes
ranging from d to d + dd

wp(d) plastic work input per unit volume of particles of size d
in a granular assembly

Wp
t total plastic work input of a granular assembly

wp
t total plastic work input per unit volume of a granular

assembly
Xi mass percentage of fraction i
a size-independent material parameter related to the

plastic work input per unit increase of the fractional
breakage index, see equation (24)

b material parameter related to the initial particle size
distribution, see equation (12)

evp plastic volumetric strain
h(d) probability density of the plastic work in a granular sys-

tem
k material parameter reflecting the particle size effect, see

equation (21)
r0 reference stress, see equation (16)
rv vertical stress
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(e.g., contact force distribution, fabric evolution, energy dissipa-
tion). Recently, more advanced numerical methods, such as FDEM
[28–30] and peri-dynamics [31] have been used by a number of
authors to reproduce more realistic particle breakage.

Various methods for quantifying the evolution of the PSDs of
granular materials during grain crushing have been proposed. A
group of practical approaches based on the concept of relative
breakage, have been developed to define the degree to which the
granular material is crushed during loading [10,32–34]. A key com-
ponent in the concept of relative breakage is a predefined ultimate
PSD that ‘‘guides” and eventually slows down the evolution of the
PSD. In the pioneering work using this approach by Hardin [32], it
was assumed that all particles in a granular medium will be
crushed to the extent that no particles remain larger than
0.074 mm. This assumption, however, contradicts the fact that
the PSDs of most granular materials undergoing substantial grain
crushing tend to become self-similar, also known as fractal
[16,35]. Einav [34] replaced Hardin’s ultimate PSD with a fractal
distribution and assumed that the evolution of the current PSD
can be represented by linear interpolation of the initial and the
ultimate PSDs with the aid of the defined relative breakage index.
In spite of the simplicity and the thermodynamic insight provided,
the relative breakage indexes were defined in a continuum
mechanics context and thus omit the breakage of particles with
different sizes.

Statistical approaches have also been widely used to relate the
fractional particle breakage and the evolution of the PSD of the
granular continuum. Extensive evidence shows that the crushing
strength depends statistically on both the intrinsic properties of
particles (e.g., particle minerology, particle shape and the particle
size [36–39] and the coordination number [16,40], namely, the
number of contacting particles in the granular assembly. McDowell
and Bolton [41] modified the Weibull statistics by emphasizing the
importance of the coordination number and found a fractal distri-
bution of particles emerging from the compression of an aggregate
of uniform grains. A more effective alternative is to use the Markov
chain model to link the probability of particles within a given size
range and the current PSD of the material. Similar methods, such as
the population balance model and the combined linear packing
and Markov chain model [42,43] were also proposed to model
2

the fractional particle breakage. As the evolution of the current
PSD or the coordination number in a polydisperse granular packing
cannot be easily obtained, numerical simulations that discretize
the loading path and the particle size has to be adopted in these
models. As a result, although the probabilistic models are able to
describe the fractional particle breakage, these models require
incremental matrix computation to predict the evolution of the
PSD, which lacks the simplicity compared to the relative breakage
index defined in the continuummechanics context. For this reason,
most of the probabilistic models cannot be used in constitutive
modelling of crushable granular materials, not to mention the
numerical implementation in engineering practices.

The aim of this study is thus to establish a simple model for pre-
dicting the evolution of the fractional particle breakage of polydis-
perse granular materials. To this end, the 1D compression test
results on artificially dyed granular materials are first presented
to provide detailed and realistic fractional particle breakage obser-
vations. Afterwards, a unified model for predicting the particle
breakage of granular materials is proposed. The performance of
the fractional particle breakage model is validated by comparing
with available experimental data.
2. Compression tests on dyed granular material

Prior to establishing the fractional breakage model, the follow-
ing issue needs to be addressed: How to experimentally observe
the evolution of the fractional PSDs during particle breakage? As
it is difficult to track the fractional particle breakage in conven-
tional crushing tests, the understanding of fractional breakage is
very limited so far. In this section, we designed a novel technique
which consists of using dyed gypsum particles (DGPs) in compres-
sion tests to address this issue. The idea of using the dying tech-
nique to track the particles in granular assemblies was inspired
by Nakata et al. [44] who seeded a small group of surface-dyed sil-
ica sands into triaxial samples to test the survival probability.
Herein the use of the artificial DGPs rather than the dyed natural
granular particles is intended to ensure that the inside of the test
particles was completely dyed so that we can clearly distinguish
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the color of the particles even after several generations of
breakage.

2.1. Test procedure

2.1.1. Preparation of dyed gypsum particles (DGPs)
Gypsum (CaSO4) is a widely used industrial and building mate-

rial. To ensure that the strength of the produced DGPs is similar to
that of typical granular materials, we used the a-hemihydrate gyp-
sum powder (a-CaSO4�1/2H2O), with a 2-hour flexural strength of
7 MPa, an initial setting time of 8 min, and a demolding time of
30 min. The optimal mixing ratio of the gypsum powder, water,
and pigment was determined at 1: 0.34: 0.02. After a sufficient stir-
ring process in the gypsum paste, the gypsummold was put on the
vibrating machine to discharge the inner bubbles in the paste until
the paste solidifies. This procedure was to guarantee the high
strength and the homogeneity of the produced particles. After
demolding, the gypsum board was put in the curing room with a
surrounding temperature of 20℃ for 24 h. Then, the gypsum board
was mechanically crushed with varying amounts of inputting work
to produce the DGPs with specific sizes. Five colors of gypsum
boards were prepared, that is, blue, yellow, red, green, and grey,
and they were crushed into particles with sizes of 2.0–3.1, 3.1–
5.0, 5.0–7.9, 7.9–12.6, and 12.6–20.0 mm, respectively. The specific
gravity of DGPs was measured to be 2.3. Fig. 1 displays the photos
of the artificial DGPs. To avoid the maldistribution of size in one

group of particles, an intermediate particle size dimid ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dimindimax

p
was added in each size interval, where dimin and dimax represent
the minimum and maximum particle size of size group i. In this
study, the mixing ratio of the two parts in each size group was
set at 1:1, so that the corresponding median sizes (d50) of the above
batches of particles were 2.5, 4.0, 6.3, 10.0, and 15.9 mm, respec-
tively. It is worth mentioning that DGPs with different sizes
showed similar geometrics (four shape factors were measured,
namely, convexity, sphericity, aspect ratio, and flatness, the aver-
age values of which changed from 0.946 to 0.961, 0.908 to 0.938,
0.710 to 0.720, and 0.499 to 0.511, respectively) [45–47], which
indicated that the influence of particle morphology on the follow-
ing tests can be neglected.

2.1.2. One-dimensional compression tests
A series of one-dimensional compression tests on the DGPs

were conducted by varying the initial PSDs and the applied vertical
stresses. The detailed information regarding the initial PSDs, initial
void ratios and applied vertical stresses of the DGP samples were
listed in Table 1. DGP samples of twelve different initial PSDs,
Fig. 1. Snapshots of dyed gypsum particles of different initial sizes.
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including uniform gradings (U1-U5), polydisperse gradings (M2,
M3 and M5-M7), and gap gradings (M1 and M4) were tested.
The specimen of each grading weighed 600 g, with a diameter of
100 mm. All specimens were packed to the densest state. To
observe the evolution of particle breakage, all gradings were com-
pressed to four different vertical stress levels, i.e., 0.8 MPa, 1.6MP,
3.2 MPa, and 6.4 MPa, except for M1, M3 and M4, which were only
compressed to the maximum vertical stress of 6.4 MPa. After the
compression, the DGPs were sieved and then the particles were
separated by color. Because particles within the same initial size
range were of the same color, the technique of using DGPs provides
a useful tool in knowing which original size range were the
crushed particles from.

2.2. Results and discussion

The one-dimensional compression curves of the DGP samples
are plotted in Fig. 2. The curves are approximately linear under rel-
atively high stresses on the semi-log plot, which were commonly
observed in the compression tests of crushable granular materials
[11,40]. The compression lines of the uniform DGP samples tend to
converge at high stress levels, whereas the compression lines for
non-uniform DGP samples are not unique at high stress levels.
Comparing with uniform samples, the polydisperse samples with
a wider size distribution are generally less compressible. The com-
pression characteristics of the dyed gypsum material agree well
with the experimental results of silica sand by Altuhafi and Coop
[11] and the DEM results by Minh and Cheng [40]. This agreement
indicates that the DGP is a typical brittle granular material and can
be applied to explore the breakage behavior of granular materials.

Thanks to the color tracking method, we can obtain the PSDs of
each size fraction of particles. Note that in this study we consider
particles of a certain size range of the initial sample as one fraction.
Fig. 3 plots the PSDs of the whole sample (PSD-W) and of each frac-
tion (PSD-F) together. It is readily seen that the PSD-W equals the
weighted sum of the PSD-Fs

P dð Þ ¼
XN
i¼1

XiPf di; dð Þ ð1Þ

where i denotes the serial number of fractions, ranging from 1 to N;
di denotes the characteristic size of fraction i; P dð Þ and Pf di; dð Þ
denote the percentage of finer smaller than size d for the PSD-W
and for the PSD-F of fraction i, respectively; andXi is the initial mass
percentage of fraction i. From Fig. 3, it can be observed that the PSD-
Fs show more obvious changes than PSD-W in the polydisperse
samples with the applied stress increasing from 0 to 6.4 MPa. This
is possibly because the loss of coarse particles due to grain crushing
can be compensated by the crushing of coarser particles. This
implies that the amount of the breakage is always underestimated
by using relative breakage indexes defined on the basis of the over-
all change of the PSD-W. In addition, it can be observed that the
PSD-Fs, of uniform, gap-graded and polydisperse samples, all tend
to be polydisperse and well- graded, similar to the evolution of
the PSD-Ws of uniform samples. This strongly indicates that the
evolution of the PSD-Fs also has a tendency to be self-similar. It is
widely acknowledged that undergoing substantial grain crushing,
the PSDs of granular materials becomes self-similar, also known
as fractal. Herein based on the experimental results on the DGPs,
the evolution of particle crushing can also be extended to the frac-
tional particles in non-uniform samples.

Considering the surprising similarity in the evolution of frac-
tional particle breakage in non-uniform samples, an interesting
question arises as to whether the fractional particle breakage evo-
lution paths for particles of the same size in different granular
media are similar. And more generally, are the fractional particle



Table 1
Initial gradings, initial void ratios and applied vertical stresses of the DGP samples for 1D compression.

Sample ID Fractional particle mass (g) e0 Vertical stress (MPa)

15.9 mm 10.0 mm 6.3 mm 4.0 mm 2.5 mm Total mass

U1 600 – – – – 600 1.506 0.8 ~ 6.4
U2 – 600 – – – 600 1.454 0.8 ~ 6.4
U3 – – 600 – – 600 1.405 0.8 ~ 6.4
U4 – – – 600 – 600 1.378 0.8 ~ 6.4
U5 – – – – 600 600 1.371 0.8 ~ 6.4
M1 300 – 300 – – 600 1.352 6.4
M2 – 300 300 – – 600 1.401 0.8 ~ 6.4
M3 – – 300 300 – 600 1.363 6.4
M4 – – 300 – 300 600 1.232 6.4
M5 200 200 200 – – 600 1.352 0.8 ~ 6.4
M6 150 150 150 150 – 600 1.266 0.8 ~ 6.4
M7 120 120 120 120 120 600 1.175 0.8 ~ 6.4

Fig. 2. e� logrv curves of DGP samples: (a) U1-U5; (b) M1-M7.
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breakage evolution paths for particles of the same minerology but
of different sizes in different granular samples similar?

To address the first question, the evolution of PSD-Fs of the par-
ticles with the same size in different samples are plotted on the
same graph. The evolutions of the PSD-Ws of uniform samples
are also plotted on the same graph. Fig. 4(a)~(e) are the evolutions
of PSD-Fs for particles of 20.0–12.6, 12.6–7.9, 7.9–5.0, 5.0–3.1, and
3.1–2.0 mm, respectively. It can be observed that the curves are
well stratified without obvious crossover in the figures. This result
indicates that although the intensity of the fractional particle
breakage depends on the PSD-W of the granular sample, the frac-
tional breakage of the particles of the same size in different gran-
ular media do evolve along a unique path, which is also the same
for the uniform particles. This means the breakage evolution path
for particles of a given size is independent of the surrounding par-
ticles. The evolution paths for the PSD-Fs of particles of different
sizes are not directly comparable. Nevertheless, if the particles
are normalized by their initial characteristic particle sizes, we are
able to experimentally address the second question. To this end,
the particle sizes are normalized by their initial maximum sizes,
and the normalized PSD-Fs of all the fractions of particles in poly-
disperse samples as well as in uniform samples from Fig. 4(a) to 4
(e) are put together in Fig. 4(f). These curves are surprisingly well-
arranged, implying that the normalized breakage evolution paths
of fractional particles are the same as those of the uniform parti-
cles, regardless of the particle size and the interaction of particles
with different sizes. In contrast to the fractional particle breakage,
the evolution of the PSD-Ws of different initial gradings intersect
4

with each other, as shown in Fig. 5, implying that the particle
breakage evolution paths for the whole samples are not unique.

The above experimental observations can be quantified by
extending the definition of the relative breakage index in the
breakage mechanics [34]. Einav assumed that the current PSD-W
can be described by the linear interpolation of the initial and the
fractal ultimate PSD-Ws, written as

P dð Þ ¼ 1� Brð ÞP0 dð Þ þ BrPu dð Þ ð2Þ

where P0 dð Þ is the initial PSD-W; Pu dð Þ is the ultimate PSD-W; the
coefficient Br is defined as the relative breakage index ranging from
0 to 1. In this study, we extend this definition to describing the frac-
tional particle breakage, written as

Pf di; dð Þ ¼ 1� Br dið Þð ÞPf0 di; dð Þ þ Br dið ÞPfu di; dð Þ ð3Þ

where Pf0, Pf , and Pfu denote the initial, current and ultimate cumu-
lative mass distribution for the fraction i. The assumption that the
fractional PSD-Fs can be also represented by the linear interpolation
of the initial and the ultimate PSD-Fs is proved tenable by conduct-
ing the linear regression analysis on the normalized PSDs in Fig. 4

(f). The ultimate fractal PSD-F is chosen to be Pf0 dð Þ ¼ d=dMð Þ0:7,
where dM is the maximum particle size in fraction i. The analysis
results show that all PSD-Fs can be well fitted by the linear interpo-
lation of the initial PSD-Fs and the ultimate fractal PSD-Fs, with the
correlation coefficients greater than 0.98 for all the cases. In addi-
tion, the breakage indexes of each fractions are also calculated, as
shown in Fig. 6.



Fig. 3. PSD evolution curves of both the whole sample and of each fraction: (a) U1-U5; (b) M1; (c) M2; (d) M3; (e) M4; (f) M5; (g) M6; (h) M7.
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For uniform samples, as shown in Fig. 6(a), the breakage
indexes increase with increasing particle size because smaller
particles have smaller volume and thus contain generally fewer
defects [48]. For non-uniform particles, the breakage ratio of the
largest particles is, on the contrary, the lowest among all particles.
This interesting difference is because larger particles in a
5

polydisperse granular medium is surrounded by smaller ones,
which provides ‘‘hydrodynamic stress” in the large particles that
protects the large particle from shearing failure [49–50]. Therefore,
the fractional particle breakage of non-uniform particles is related
to not only the crushing strength but also the contact number of
surrounding particles. If the breakage indexes of different fractions



Fig. 4. The evolution paths of the PSD-Fs for: (a) 15.9 mm; (b)10.0 mm; (c) 6.3 mm; (d) 4.0 mm; (e) 2.5 mm; (f) all fractional particles on the normalized graph.
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of particles in non-uniform samples can be predicted, the PSD of
the whole sample can be calculated according to Eq (1) and (2).
This will be further discussed in the next section.
3. Fractional particle breakage model

A complete particle breakage model should contain two key
components: (1) a quantifiable index of the intensity and evolution
path of the particle breakage, and (2) the relationship between
what causes the particle breakage (e.g., magnitude of the stress,
work input, etc.) and the quantifiable breakage index. Based on
the results from the experiments on DGPs, it was found that the
fractional breakage evolutions for particles of different sizes in a
polydisperse granular medium follow the same path and the frac-
tional breakage index Br(d) can be represented by the linear inter-
polation of the initial and ultimate PSD-Fs. Therefore, the major
remaining question is how to establish the relationship between
6

what causes the particle breakage and the quantifiable breakage
index.

3.1. Definition of the fractional plastic work

A widely observed phenomenon in granular soils is that there is
a unique relationship between the plastic work input per unit vol-
umewt

p and the amount of particle breakage, regardless of the load-
ing path. This phenomenon was also theoretically supported by
McDowell and Bolton [35] by assuming that the plastic work input
is proportional to the creation of the new surface area during par-
ticle breakage. Thus, in this study, we choose the plastic work input
as the triggering variable for the particle breakage. By definition,
the plastic work input per unit volume for granular materials
wt

pis expressed as

wt
p ¼

Wt
p

Vt
0

ð4Þ



Fig. 5. The evolution paths for PSD-Ws for all the tested samples on the normalized
graph: samples with unparallel initial gradings do not evolve along the same path.
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where Wt
pdenotes the total plastic work input and Vt

0 is the initial
volume of the sample. For one-dimensional compression, the plastic
work input can be calculated using the following expression

wt
p ¼

Z
rvdepv ð5Þ

where rv is the vertical stress and epv is the plastic volumetric strain.
We plot the calculated wt

pof samples U1-U5 using Eq. (5) against
Einav’s relative breakage index Br in Fig. 7. It can be observed that
Br increases rapidly with wt

pat the beginning of loading and the
increasing trend slows down for higher plastic work input.

Eq. (4) is defined for whole granular specimens and is not able
to depict the plastic work input into the particles within a certain
size range in the polydisperse granular specimen. Herein with the
reference of the definition of wt

p, we define the fractional plastic
work input per unit volumewp dð Þ as

wp dð Þ ¼ dWp dð Þ
dV0 dð Þ ð6Þ

where dWp dð Þdenotes the plastic work input into the particles
whose initial sizes range from d to d + dd; and dV0 dð Þis the initial
volume of particles with sizes ranging from d to d + dd. For a gran-
ular material composed of homogenous particles, dV0 dð Þcan be
expressed as

dV0ðdÞ ¼ Vt
0p0ðdÞdd ð7Þ

where p0ðdÞ denotes the initial volume/mass percentage of particles
of size d.

It is worth remarking that from the microscopic point of view, it
is difficult to allocate the frictional dissipations from the contact of
two particles of different sizes. Thus, the concrete value of the fric-
tional dissipation could depend on the arbitrarily-defined alloca-
tion law. In addition, it is also difficult to experimentally
measure the fractional plastic work input. However, it should be
guaranteed that the sum of the fractional plastic work input equals
the total plastic work input measured in the representative volume
element, given by

wt
p ¼

Z dM

dm

wp dð Þp0 dð Þdd ð8Þ

where dm and dM denote the minimum and maximum particle sizes,
respectively.Here, without getting into the details of the allocation
law, we assume that particles of size d to d + dd in a polydisperse
7

granular medium require the same fractional plastic work input
per unit volume as that in a uniform medium of composing of the
same particles, as long as the fractional breakage indexes are equal.
That is to say, the fractional BrðdÞ �wpðdÞrelationship for particles
of a given size is assumed to be unique, independent of the size dis-
tribution of their surrounding particles. According to the experi-
mental data of Br dð Þ shown in Fig. 6, we can estimate the
fractional plastic work input per unit volume wp dð Þ for polydisperse
samples through cubic spline interpolation of Fig. 7. The estimated
wp dð Þ is plotted in Fig. 8. It is seen that small particles require more
energy input in a polydisperse sample. It is also possible to numer-
ically calculate the total plastic work using the

discretized form of Eq. (9), written as

wt
p calcul ¼

XN
i¼1

Xiwp dið Þ ð9Þ

wheredidenotes the characteristic particle size of size range i (i = 1,
2, 3, . . ., N); and Xi denotes the mass fraction (or volume fraction for
homogenous particles) of particles of initial characteristic size di.
Fig. 8 plots the experimentally measured total plastic work input
together with the numerically calculated total plastic work using
Eq. (9) of M2, M5, M6 and M7. The data of M1, M3 and M4 are
not shown because only one vertical stress was applied for these
three specimens. It is seen that the estimated total plastic work
agrees basically with the experimentally measures ones, indicating
that the defined fractional plastic work is acceptable and that the
BrðdÞ �wpðdÞrelationship for particles of a given size is indeed
unique.

3.2. Distribution of the fractional plastic work

The plastic work into a polydisperse granular system is not uni-
formly distributed as a function of the particle size. It is readily
seen in Fig. 8 that smaller particles tend to require more plastic
work to reach the same amount of particle breakage than bigger
particles. Before quantifying the distribution of the plastic work
in the system, the plastic work input should be normalized, given
as

h dð Þ ¼ wp dð Þp0 dð Þ
wt

p
ð10Þ

where h dð Þis defined as the probability density of the plastic work in
the system. Thus, h dð Þdddenotes the probability of the plastic work
into particles of size from d to d + dd.

Combining Eqs. (6), (8) and (10), we can obtain the normalizing
conditionZ dM

dm

h dð Þdd ¼ 1 ð11Þ

Fig. 9 plots the normalized fractional plastic work against the
particle size for different polydisperse samples at different stress
levels on lnh dð Þ � d axes. It is seen from the figure that the
lnh dð Þ � d data can be fitted by straight lines, regardless of the
applied stress, given by

lnh dð Þ ¼ bdþ C ð12Þ
where bdenotes the slope of the fitting line and C denotes the
lnh dð Þ-intercept. It can be also observed in Fig. 9 that the h dð Þ � d
relationship for a given granular sample does not change apprecia-
bly with the applied stress. Thus, both band C can be regarded as
constants for a given granular material.

Combining Eqs. (11) and (12) yields

h dð Þ ¼ bebd

ebdM � ebdm
ð13Þ



Fig. 6. Distributions of the fractional breakage index in different samples: (a) U1-U5; (b) M1-M4 at 6.4 MPa; (c) M2; (d) M5; (e) M6; (f) M7.
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Fig. 7. The breakage indexes against the plastic work for uniform samples.
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It is noted that the distribution of h dð Þ does not depend on the
parameter C. The parameter b is related to the initial PSD of the
material.

Substituting Eq. (13) into Eq. (10), we can obtain

wp dð Þ ¼ wt
pbe

bd

ebdM � ebdm
=p0 dð Þ ð14Þ
3.3. Fractional breakage-plastic work relationship considering size
effect

The Br �wt
prelationship is often described by a hyperbolic func-

tion [33,51–53], given by

Br ¼
wt

p

aþwt
p

ð15Þ

where a is constant for a given granular material. It is seen in Fig. 7
that the fitting curves using Eq. (15) agree basically with the exper-
imental data.



Fig. 8. Comparison of the calculated wt
p and the experimental results: (a) M2; (b) M5; (c) M6; (d) M7.
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The differential form of Eq. (15) leads to

dBr ¼ a

aþwt
p

� �2 dw
t
p ð16Þ

At the initial loading state, we have wp ¼ 0 and Eq. (16) is
degenerated into

dwt
p ¼ adBr ð17Þ
Eq. (17) indicates that the parameter a denotes the plastic work

per unit increase of the breakage index at the initial loading state.
Eq. (17) can be also extended to the fractional particle breakage,

written as

Br dð Þ ¼ wp dð Þ
aþwp dð Þ ð18Þ

Although the BrðdÞ �wpðdÞ relationship in a polydisperse gran-
ular media is independent of the PSD of the surrounding particles,
the experimental results shown in Fig. 8 indicate that it depends on
the particle size d. It is widely accepted that the probability for a
brittle block of characteristic size d to survive a tensile stress
robeys the Weibull distribution [48], given by

Psðr;dÞ ¼ exp � d
d0

� �3 r
r0

� �m
" #

ð19Þ

where Ps is the survival probability of the particle; d0 andr0are the
reference particle size and the reference stress, respectively; m is
the Weibull modulus, which is a material constant. Eq. (19) has
been experimentally verified for single sand particles under plate
loading and within triaxial loading conditions for different granular
particles [44]. It was demonstrated by McDowell and Bolton [35]
9

that if the failure of a particle is defined statistically by the survival
probability lower than a threshold, the size effect of the crushing
strength of a particle can be obtained from Eq. (19):

If Psðr;dÞ ¼ const:; then r / d�3=m ð20Þ
Several researchers [9,52] further proved that Eq. (20) can be

also extended to granular assemblies.
Consider two geometrically similar granular samples I and II,

with different characteristic particle sizes d1 and d2. Their breakage
yield stress should satisfy

r1

r2
¼ d1

d2

� ��k

ð21Þ

where k ¼ 3=m. Frossard et al. [51] argued further that when the
physical similarity is achievable for both samples, the geometric
similarity means the irreversible deformations of both samples
are equal. Thus, the plastic work for both samples at the initial load-
ing can be linked via

wpðd1Þ
wpðd2Þ ¼

r1

r2
¼ d1

d2

� ��k

ð22Þ

It should be remarked that Eq. (22) is only valid for the initial
loading (with small value ofBr) because the similarity of the PSDs
between the two granular assemblies cannot be guaranteed when
substantial grain crushing occurs.

For the samples I and II, comparing Eqs. (18) and (22), we can
obtain the scale effect of the parameter a

a1
a2

¼ d1

d2

� ��k

ð23Þ



Fig. 9. Linear fitting of ln hðdÞð Þ against size: (a) M2; (b) M5; (c) M6; (d) M7.
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Experimental results of samples U1-U5, as given in Fig. 10, also
show that the relationship between parameter a and the particle
size d can be represented by a straight line in double logarithmic
axes, agreeing with Eq. (23). Therefore, for the sake of simplicity,
we define

a ¼ ad�k ð24Þ
where ais a size-independent material parameter.
Fig. 10. Size-dependence of the parameter a plotted on the double logarithmic
axes.
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Substituting Eq. (24) into Eq. (18), one has the relationship
between the plastic work and the breakage index accounting for
the size effect, given by

Br dð Þ ¼ wp dð Þ
ad�k þwp dð Þ

ð25Þ

Fig. 11 compares the experimentally Br dð Þ �wp dð Þ � d relation-
ships of granular samples U1-U5 with the predicted results by Eq.
(25). In Eq. (25), the values of the parameters are fitted to be
a ¼ 1:06,k ¼ 0:42, respectively. It is seen in Fig. 11 that the model
prediction agrees well with the experimental results, indicating
that Eq. (25) is capable of describing the Br dð Þ �wp dð Þ relationships
of granular soils with different characteristic sizes using only one
set of parameters.
3.4. Complete fractional particle breakage model and model
performance

Combining the distribution of the fractional plastic work (given
in Eq. (14)) and the fractional breakage-plastic work relationship
considering size effect (given in Eq. (25)) leads to the fractional
particle breakage model

Br dð Þ ¼
wt

pbe
bd

ebdM�ebdm
=p0 dð Þ

ad�k þ wt
pbe

bd

ebdM�ebdm
=p0 dð Þ

ð26Þ

Fig. 12 compares the experimentally obtained fractional particle
breakage of samples M2, M3, M6 and M7 with the calculated
results using Eq. (26) at different loading stages. It is seen that



Fig. 11. Comparison of the calculated Br dð Þ with the experimental results in
Br dð Þ �wp dð Þ � d space.
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the calculated fractional particle breakage shows good agreement
with the experimental data. Moreover, Fig. 12 indicates that Eq.
(26) is not only able to describe the monotonically decreasing
trend for the fractional breakage index with the particle size (see
sample M2), but also the first increasing and then decreasing trend
for the fractional particle breakage index with the particle size (see
samples M5, M6 and M7).
Fig. 12. Comparison of the calculated Br(d) with the exp
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The evolution of the fractional PSDs can be calculated by the lin-
ear interpolation of the initial and the fractal fractional PSDs. The
evolution of the overall cumulative PSD can then be calculated
by the integration of the weighted fractional PSD, written as

P dð Þ ¼
Z dM

dm

p0 Dð ÞPf D; dð ÞdD ð27Þ

where p0 Dð ÞdD denotes the initial probability (before particle
breakage) of a particle to exist within the size range Dto Dþ dD;
and Pf D; dð Þ denotes the cumulative PSD of the particles with initial
sizes ranging from Dto Dþ dD, calculated by

Pf D;dð Þ ¼ 1� Br Dð Þð ÞPf0 D;dð Þ þ Br Dð ÞPfu D;dð Þ ð28Þ
Combing Eqs. (26), (27) and (28), we can predict the breakage

evolution of a polydisperse sample by knowing the total plastic
work. Fig. 13 gives two examples of the calculated evolution of
the overall PSDs using the fractional particle breakage model.

The first example is the evolution of the PSD of the sample M6.
The parameters in the proposed fractional breakage model are
listed in Fig. 13 (a), which were calibrated in the previous sections.
It is seen that the model prediction agrees well with the
experimentally-measured PSDs at different applied stress levels.
We also added the test of sample M6 at 12.8 MPa, it is seen that
the predicted results still agree well with the experimental results.

The second example is the large triaxial test results on rockfill
materials by Marachi et al. [54]. The reason that we choose this test
results is because of the following reasons: 1) the initial PSD of the
tested material is highly polydisperse and the initial grading curve
partially surpassed the theoretical fractal distribution, resulting in
the difficulty in using Einav’s breakage index to describe the evolu-
erimental results: (a) M2; (b) M5; (c) M6; (d) M7.



Fig. 13. Comparison of the predicted PSD evolution with the experimental results
for: (a) M6; (b) Marachi et al. (1969).
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tion of the PSD. 2) The rockfill material was loaded in triaxial con-
dition, providing a good opportunity to verify whether the pro-
posed model is able to describe the particle breakage in shearing
loading. The ultimate fractal PSD of each fraction of particles is

chosen to be Pu dð Þ ¼ d=dMð Þ0:3, with the fractal dimension equaling
2.5. The plastic work input of triaxial tests is calculated by the fol-
lowing expression
wt
p ¼

Z
r1dep1 þ 2

Z
r3dep3 ð29Þ
where r1and r3denotes the major and minor principle stresses,
respectively; dep1 and dep3are the plastic major and minor principle
strain increments, respectively(see reference [50,54]). The plastic
work at different confining stresses were calculated to be 0.11,
0.32, 0.78, 1.13 MPa, respectively. Fig. 12(b) shows that the calcu-
lated evolution of the PSD agrees very well with the experimental
results, suggesting that the proposed fractional particle breakage
model is suitable for describing the evolution of the PSD of granular
materials under different loading conditions, in spite of the simplic-
ity of the model.
12
4. Conclusions

This paper aims to establish a unified fractional particle break-
age model for granular materials. For this purpose, a novel exper-
imental method, which consists of using DGPs to track the
fractional particle breakage in granular assemblies was first
adopted. The fractional particle breakage model, was then pro-
posed based on the experimental observations. The following con-
clusions can be drawn from this study: the fractional particle
breakage evolutions for particles of different sizes in a polydisperse
granular medium, or in different uniformly distributed granular
assemblies, all follow the same path, which can be further repre-
sented by the linear interpolation of the initial and the ultimate
fractal PSDs.

Based on the hypothesis of a unique particle breakage evolution
path, a unified fractional particle breakage model was further pro-
posed. The proposed model contains two key features: 1) the frac-
tional plastic work was defined and the distribution of the
normalized fractional plastic work in a polydisperse granular
assembly satisfies a unique exponential distribution, regardless
of the evolution of the PSDs. 2) The widely used hyperbolic
breakage-plastic work relationship was extended for the fractional
particle breakage by considering the size effect of particle break-
age. The evolution of the overall PSD during particle breakage
can be obtained by summing the fractional PSDs. The proposed
model contains 3 parameters a,k and b, related to the strength of
the particles, the size effect of the particle strength and the effect
of the initial PSD of the assembly, respectively.

Although the proposed model is based on the one-dimensional
compression tests on crushable DGPs, the performance of the
model in other stress paths is also verified by the experimental
results of a rockfill material under triaxial loading in the literature.
The proposed model differs from other particle breakage models
defined in the continuum mechanics contexts in that it is able to
capture better the evolution of the overall PSD of granular materi-
als, even when the initial PSD of the granular material surpass par-
tially the theoretical fractal PSD. Hence, the proposed model
provides a useful tool for the understanding and prediction of
detailed and precise particle breakage of granular materials with
polydisperse PSDs.
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