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A B S T R A C T

In this study, analytical solutions of the consolidation of vertical drains combined with electroosmosis-vacuum-
surcharge preloading are derived considering void ratio-dependent compressibility, hydraulic permeability and
permeability of electroosmosis. In addition, radial and vertical flow, changes of the hydraulic and electroosmosis
permeabilities in the smear zone, and time‐dependent surcharge preloading are also considered. The solution is
verified by comparing it with experimental result and numerical solution in the previous literature. Finally, a
parametric study is conducted to investigate the influence of considering nonlinearity, smear zone, and non-
synchronous change of hydraulic and electroosmosis permeability in void ratio. The result indicates that the
average negative pore water pressure under combined electroosmosis-vacuum-surcharge preloading is larger
with the consideration of nonlinear change of the soil parameters, and the consolidation rate is also faster. The
presence of a smear zone decreases the consolidation rate and increases the final settlement. A slower con-
solidation rate is obtained for the smear zone with the large radius and the less permeable. The consolidation
rate, final settlement and negative pore water pressure increase for the soils with the large value of electro-
osmosis permeability index. In addition, the decrease of the vertical hydraulic permeability will increase the
final settlement and consolidation time.

1. Introduction

Vacuum pressure and surcharge preloading combined with pre-
fabricated vertical drains (PVDs) is widely used to improve mechanical
properties of soft soil [1–4]. This method accelerates the consolidation
process of soft soil by shortening the drainage path [5,6] and increasing
hydraulic gradient, resulting in lower water content and higher effec-
tive stress [7,8]. Although this method is identified as a workable so-
lution in the soil consolidation, and the reinforcement results are sa-
tisfactory for silty soils, but not for clayey soils or other fine deposits
[9,10]. In the clayey soil conditions, a portion of the clay drifts under
the applied vacuum pressure and forms clogs in the surrounding of the
drains [11,12]. Though this clogging layer is thin, it severely restricts
the vacuum pressure to a limited zone of influence and obstructs the
efficient flow of water [13]. In addition, this process is time dependent
for clayey soils, which leads to less viable for meeting goals when time
is taking as controlling factor. Moreover, the timing issue escalates the
process of deciding where to consolidate a clayey soil layer with large
thickness. Nowadays, the depth of the deposit, which ranges from
metres to tens of metres, usually occurs in cases of estuarine

reclamation, sewage slurry and mine waste dumps. Therefore, to ac-
celerate the consolidation rate, a novel method is proposed to combine
the electroosmosis with the vacuum-surcharge preloading [14]. The
electroosmosis has been shown an effective method in driving a stream
of water through clayed soils with low permeability [15], and its per-
formance can effectively complement the shortage of vacuum-sur-
charge preloading, as reported in various studies [11,14,16]. Further-
more, since the negative pore water pressure induced by the
electroosmosis can counteract the excess pore water pressure caused by
the surcharge loading, which will reduce the risk of shear failure of the
treated soft foundation further.

The setup of the electroosmosis-vacuum-surcharge preloading pro-
cess is illustrated in Fig. 1. Added to the vacuum-surcharge preloading
system is an array of electrodes that are installed in the soil layer of
interest. The cathodes use the electro-kinetic vertical drains (EVD), and
the anodes are installed between the drains. Although the anodes and
cathodes can line up [17], to facilitate their installations, the electrodes
are often laid out in a triangular pattern, as illustrated in Fig. 1(b),
enabling a radial flow mode and efficient drainage. For a cell of coupled
radial-vertical flow, the zone of influence and its profile view, which
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Notations

A governing equation parameter
A0 constant parameter
A1 constant parameter
A simplified governing equation parameter
B governing equation parameter
B0 constant parameter
B1 constant parameter
B̄ simplified governing equation parameter
C governing equation parameter
C̄ simplified governing equation parameter
Cc compressive index
Ckh radial hydraulic permeability index
Ckv vertical hydraulic permeability index
Cke electroosmosis permeability index
e void ratio
e0 initial void ratio
Ea constant parameter of smear zone
Fa constant parameter of smear zone
f1(r) distribution function of hydraulic permeability coefficient
f2(r) distribution function of electroosmosis permeability coef-

ficient
g(r) ratio of f1(r) to f2(r)
H soil depth
i number of ith surcharge loading
kh radial hydraulic permeability coefficient
kh0 initial radial hydraulic permeability coefficient
khr radial hydraulic permeability coefficient in the smear zone
kv vertical hydraulic permeability coefficient
kv0 initial vertical hydraulic permeability coefficient
ke electroosmosis permeability coefficient
ke0 initial electroosmosis permeability coefficient
ker electroosmosis permeability coefficient in the smear zone
k1 reduction factor of vacuum degree along depth
m summation index
mv0 initial volumetric compressibility coefficient

M eigenvalue
n the ratio of re to rw
p(z) vacuum pressure along the depth
pv applied vacuum pressure
q(t) surcharge loading
q0 initial surcharge loading
qf final surcharge loading
r radii
re radii of influence zone
rs radii of smear zone
rw radii of vertical drain
Ri ith surcharge loading rate
s the ratio of rs to rw
S settlement
t time
t1 single stage surcharge loading time
u excess pore water pressure
u average excess pore water pressure at any depth
ueo

ult final pore water pressure induced by electroosmosis only
Us degree of consolidation
Up degree of dissipation
vr flow velocity in the radial direction
vz flow velocity in the vertical direction
V(r) distribution function of potential
z vertical coordinate
η1 the ratio of kh to khr
η2 the ratio of ke to ker

′σ average effective stress
′σ0 initial average effective stress

τ Variable of time integration
ξ transform variable
γw unit weight of water
εv volumetric strain
βm eigen equation
ϕa applied voltage

eΔ increment of void ratio

Fig. 1. Schematic of electroosmosis-vacuum-surcharge preloading installation: (a) profile, and (b) triangular layout of PVDs-electrodes.
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includes the soil layer conditions, is provided in Fig. 2.
The theory of soil consolidation improved by electroosmosis related

methods in the cell was initially studied by Wan and Mitchell [18].
Their model only considered the electroosmosis-surcharge preloading
process. Besides, to simplify the process, they sealed the top and bottom
boundaries to enable only the horizontal flow of water. Therefore, two-
dimensional (2D) models were developed to consider the horizontal
and vertical flows simultaneously [19,20]. Furthermore, an axisym-
metric analytical model for the electroosmosis was proposed ignoring
the equal strain hypothesis with the consideration of the coupled radial-
vertical seepage [21]. For the consolidation under combined action of
electroosmosis-vacuum preloading, the 2D analytical models have been
proposed, which could consider the coupled horizontal-vertical flow
and time-dependent reduction of applied voltage were proposed
[22,23]. Recently, an axisymmetric analytical model for combined
electroosmosis-vacuum-surcharge preloading was developed [24], with
the smear zone, reduction of vacuum pressure along the vertical drains,
surcharge loading process and distribution of additional stress in the
soil layers considered in their model. Although some progress has been
made on the consolidation behavior of vertical drains of electroosmosis
and related methods with the combination of vacuum and surcharge
preloading, few analytical solutions for electroosmosis consolidation
allow for the effect of soil nonlinearity. When the soil layer is thick and
large deformation has occurred [25], the soil properties vary in the
course of consolidation, which invalidates the constant-property as-
sumption.

To consider the varying soil properties, the finite element method
was used to simulate one-dimensional (1D) [26] and 2D consolidation
problems [27]. In addition, the finite difference method was also used
to develop a 1D electroosmosis consolidation model (EC1), a 2D model
(EC2) and an axisymmetric model (EC3) [28–30]. However, these nu-
merical methods are difficult for engineers to use in an actual design,
and analytical solution is more acceptable. Thus, an analytical model

for consolidation under electroosmosis-surcharge was proposed [31]
within the framework of large strain consolidation theory [32]. After
that, analytical models with the consideration of the nonlinear varia-
tion of soil compressibility, hydraulic and electroosmosis permeability
in soil deformation and degree of saturation were developed [33,34],
respectively. Their studies, however, were applied to the simplified 1D
layout of anodes and cathode drains and are not applicable to the tri-
angular layout pattern. Thus, analytical model for the nonlinear con-
solidation arising from the triangular layout pattern requires further
examination.

In this paper, an analytical model for electroosmosis-vacuum-sur-
charge preloading was proposed to consider the effect of nonlinearity
change of compressibility, hydraulic permeability and electroosmosis
permeability with void ratio, based on the previous studies on the
consolidation theory of vertical drains [35–37]. Radial and vertical
flow, different changes of the hydraulic and electroosmosis perme-
abilities in the smear zone, and time‐dependent surcharge preloading
were considered. Then, the capability of the proposed analytical model
was validated against experimental results and numerical solutions.
Finally, a parametric study was conducted to investigate the influences
of the compressibility index, applied voltage, and surcharge loading
type with and without considering nonlinearity. Besides, the influences
of the radius and soil permeability of the smear zone, non-synchronous
variation of hydraulic and electroosmosis permeability in void ratio,
and variation of vertical hydraulic permeability were studied.

2. Mathematical model, governing equations and analytical
solution

2.1. Mathematic model

The axisymmetric unit cell model is presented in Fig. 2. The soil
layer, which is H in thickness, is subjected to a surcharge load, q(t),

Fig. 2. (a) Analysis schemes of unit cells with an EVD under electroosmosis-vacuum-surcharge preloading; (b) Trapezoidal vacuum pressure along the drain
boundary.
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vacuum pressure, p(z), and an electric field with voltage, V(r). The
coordinate z is the vertical distance from the soil surface and positive
downward. The zone of influence is subdivided into three sections: the
native soil, the smear zone, and the drain, all in the radial direction. The
three sections, in the form of concentric cylinders, correspond to the
radii re, rs, and rw. Meanwhile, kh and kv are the radial and vertical
hydraulic permeability coefficient, respectively. To derive the analy-
tical solution, the following assumptions are adopted:

(1) The soil is assumed to be fully saturated and Darcy's law is valid. At
the outer boundary of the model, the water flow is not allowed.
Both water and soil particles are incompressible.

(2) In according with the concept of equal-strain [38], vertical strains
at the same depth within the unit cell are assumed to be the same
and only the vertical strains are considered.

(3) The velocity of pore water flow due to electroosmosis is directly
proportional to the electrical gradient, and can be linearly super-
imposed with that due to hydraulic gradient [39].

(4) The pore water flow caused by thermal gradient and chemical
concentration gradient is neglected.

(5) The total stress induced by the surcharge load is uniformly dis-
tributed along the depth.

2.2. Governing equation

Combining the assumption in previous studies [36,40] that the va-
cuum pressure decreases linearly along the drain, the vacuum pressure
at the drain boundary is assumed to vary with depth, which can be
expressed as:

= ⎡
⎣

− − ⎤
⎦

p p k z
H

1 (1 )v 1 (1)

where p is the vacuum pressure along the vertical drain, k1 is the
constant to depict the decrease of vacuum pressure along depth, pv is
the design vacuum pressure.

To reflect the nonlinearity relationships of compressibility, hy-
draulic permeability and electroosmosis permeability in void ratio, the
following functions are adopted as [28,29,33]:

⎜ ⎟= − ⎛
⎝

′
′

⎞
⎠

e e C σ
σ

logc0
0 (2a)

⎜ ⎟= + ⎛
⎝

⎞
⎠

e e C k
k

logkh
h

h
0

0 (2b)

⎜ ⎟= + ⎛
⎝

⎞
⎠

e e C k
k

logkv
v

v
0

0 (2c)

⎜ ⎟= + ⎛
⎝

⎞
⎠

e e C k
k

logke
e

e
0

0 (2d)

where Cc is the compressive index; Ckh, Ckv and Cke are the radial and
vertical hydraulic permeability index, and electroosmosis permeability
index; kh and kh0 are the radial permeability coefficients of the un-
disturbed soils at any time and at initial time, respectively; kv and kv0
are the vertical permeability coefficients of the undisturbed soil at any
time and at initial time; ke and ke0 are the electroosmosis permeability
coefficients of the undisturbed soil at any time and at initial time; e and
e0 are the void ratio at any time and at the initial time, respectively; ′σ
and ′σ0 are the average effective stress at any time and at initial time.

There are several different patterns for distributions of permeable
coefficient in smear zone [41]. Noting that, the decrease of the hy-
draulic permeability in smear zone is larger than that of electroosmosis
permeability [33]. For simplification, both radial hydraulic and elec-
troosmosis permeability coefficients along the radial direction are step
distributed, which can be expressed as:

=k k f r( )hr h 1 (3a)

=k k f r( )er e 2 (3b)
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where =
=

η k
k1

h
hr r rw

, =
=

η k
k2 |

e
er r rw

.
Following the previous literatures [39], the combined pore water

flow velocity in the radial and vertical directions under the hydraulic
gradient and electrical gradient can be described as:

⎧

⎨
⎩

= +

=
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where u is the excess pore water pressure; V is the electrical potential
along the radial direction; γw is the unit weight of water; vr and vz are
the pore water flow velocity in the radial and vertical directions.

According to Eq. (4), we defined a new variable as [24]:

= +ξ u
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where ϕa is the design voltage applied in the system.
Following the previous work [42], the governing equation for the

nonlinear consolidation of soil improved by combined electroosmosis-
vacuum-surcharge preloading can be expressed as follows:

∂
∂
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+ ∂
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where u is the average excess pore water pressure in the soil at any
depth, εv is the vertical strain of the soil.

The boundary and initial conditions are as follows:
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Integrating Eq. (6) from r to re and combining it with boundary
condition in the radial direction at r = re yields:
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By integrating Eq. (8) again from rw to r and combining it with the
boundary condition r = rw, the variable ξ can be derived as follows:
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where ∫=A drr
r

rf r0
1
( )w 1

, ∫=B drr
r r

f r0 ( )w 1
.

Based on the equal strain assumption, the average excess pore water
pressure in the soil at any depth can be expressed as follows:
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r
2 2 w

e

(10)

Combining Eq. (5a) and Eq. (9), the excess pore water pressure u can
be obtained and substituted into Eq. (10) yields:

⎜ ⎟= + ⎛
⎝

∂
∂

+ ∂
∂

⎞
⎠

−u p z
γ r F

k
ε
t

k
γ

u
z

C( )
2

w e a

h

v v

w

2 2

2 (11)

where

=
−

−
F

A r B
r r r

2( )
( )a

e

e e w

1
2

1
2 2 2 (12a)

∫=A rA r dr( )
r

r
1 0

w

e

(12b)

∫=B rB r dr( )
r

r
1 0

w

e

(12c)

=C
k γ
k

E
2 e w

h
a (12d)

∫=
−

E
r r

rV r g r dr1
( )

( ) ( )a
e w r

r
2 2 w

e

(12e)

Substituting Eq. (3c) into A1, B1, and Fa, the value of Fa can be
expressed as:

⎜ ⎟

=
−

⎡
⎣⎢

− + − + −

⎛
⎝

+ − + − ⎞
⎠

⎤
⎦⎥

F

n
n

n
n n

η

s s
n

s
n

1
ln( ) 3

4
1 1

4
( 1)

ln( ) 1 1
4

a

2

2 2 4 1

2

2

4

4 (13)

where n = re/rw, s = rs/rw.
Substituting Eqs. (5b), (5c) into Ea, the value of Ea can be expressed

as:

⎜ ⎟⎜ ⎟

⎜ ⎟

=
−

⎡

⎣
⎢

⎛
⎝

− ⎞
⎠

⎛
⎝

+ − ⎞
⎠

+ ⎛
⎝

+ − ⎞
⎠

⎤

⎦
⎥

E

ϕ
n n

η
η

s s s

n n n

( 1) ln( )
1 ln( )

2
1

4

ln( )
2

1
4

a

a
2

1

2

2 2

2 2

(14)

Combining the nonlinear compressive relationship, the rate of de-
formation can be expressed as:

∂
∂

= −
+

∂
∂

=
+ ′

∂ ′
∂

=
′
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∂ ′
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t e

e
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C
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σ
t

m σ
σ

σ
t

1
1 (1 ) ln(10)

1v c
v

0 0
0

0

(15)

where mv0 is the initial volumetric compressibility coefficient.
Taking Eqs. (2b), (2c), (2d), (12d) and (15) into Eq. (11), the

average excess pore water pressure can be obtained as:

= +

+ −

′
′

′

′
′

′
′

− ∂
∂

− ∂
∂

−

( )
( ) ( )
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u
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σ
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2

w e a v

h
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h

Cc
Ckh

Cc
Ckv e w a

h
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Cke

2 0

0 0

0 2

0 0

2

2
0

0 0 (16)

Based on the principle of effective stress, the average effective stress
can be obtained as:

′ = ′ + −σ σ q t u( )0 (17)

Substituting Eq. (17) into Eq. (16) leads to:

∂
∂

− ∂
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− = − + −
∂
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z

B u
t

u p z C B
q
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( )
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where
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Obviously, solving Eq. (18) analytically is difficult with varying
coefficients. Therefore, the simplified approach [35,36] was adopted by
replacing ′ ′σ σ 0with the approximation ′ + ′ ′=+∞σ σ σ[ ] 2t0 0. Thus, ′σ is
removed and the variable coefficients of the nonlinear partial differ-
ential equations are changed into constant coefficients, allowing Eq.
(18) to be solved analytically. This simplifies the problem substantially
and can provide an explicit analytical solution. Despite the simplifica-
tion, the predicted results from the analytical solution were consistent
with data measured in the laboratory tests [36].

For consolidation under combined electroosmosis-vacuum-sur-
charge preloading, the final effective stress can be expressed as:

′ = ′ + − + −= + ∞σ σ q
p

k u
2

(1 )t f
v

eo
ult

0 1 (20)

where qf is the final surcharge loading; ueo
ult is the final pore water

pressure induced by electroosmosis merely, the details of derivation of
ueo

ultis shown in Appendix A.
By replacing ′ ′σ σ 0 with its average value, the Eq. (18) is reduced to:

∂
∂

− ∂
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∂
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z

B u
t
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q
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where
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Fig. 3. Surcharge loading types.
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2.3. Analytical solutions of excess pore water pressure for several special
cases

Based on the method of separation of variables and combining with
the boundary conditions and initial condition in Eq. (7), the solution for
average pore water pressure can be obtained as:

∫∑= + ⎡
⎣⎢

+
− ⎤

⎦⎥
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∞
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where

= − =M m π m2 1
2

, 1, 2, 3. .. (24a)
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2 (24b)
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v
m 1
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where m is the summation index; and M is the eigenvalue.

2.3.1. Instantaneous loading
As shown in Fig. 3a, the surcharge preloading is applied in-

stantaneously and kept constant through the whole process, which can
be expressed as:

= =q t q q( ) f0 (25)

Substituting Eq. (25) into Eq. (24b), and then taking Eq. (24b) into
Eq. (23) leads to:
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2.3.2. Single‐stage loading
As shown in Fig. 3b, the surcharge preloading is gradually applied

by a single‐stage pattern. The surcharge pressure increases to the final
value in a linear way when t < t1 and keeps constant after t1, which
can be described as:
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Substituting Eq. (27) into Eqs. (24b) and (23) leads to:
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2.3.3. Multistage loading
As shown in Fig. 3c, surcharge preloading is loaded stage by stage

when the soil is so soft that it cannot support a large surcharge loading
instantaneously. Thus, this method can reduce the risk of the ground
failure. For simplicity, the loading is assumed to increase linearly in
each stage, which can be expressed as:
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where i is the ith stage of the loading and qi is the final load of each
loading stage.

Substituting Eq. (29) into Eqs. (24b) and (23) leads to:
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where j is the summation index of the loading stage.
Using the analytical solution given in above section, the average

excess pore water pressure for combined electroosmosis-vacuum-sur-
charge preloading under three surcharge loading types can be obtained.
In addition, when the average excess pore water pressure is obtained,
the excess pore water pressure at any place and any time can be cal-
culated by substituting it into Eq. (11), Eq. (9) and Eq. (5a) as:

=
−

− + + −u r z t
A r B

r F
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2.4. Settlement and degree of consolidation

2.4.1. Settlement
Substituting Eq. (23) into Eq. (17), and then combining with Eq.

(2a), the settlement on the surface of soil layer can be expressed as:

∫ ∫

∫

= − = +
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2.4.2. Degree of consolidation
Due to the nonlinear change of soil deformation with the decrease of

the excess pore water pressure is considered in this paper, the velocity
of the settlement and the dissipation rate of the pore water pressure are
different. Using the solution of pore water pressure, the degree of dis-
sipation of pore water pressure can be derived as follows:

∫
∫

=
′

′
=

−

−∞ ∞
U σ

σ
q t u dz

q u dz
Δ

Δ
( ( ) )

( )
p

H

H
f

0

0 (33)

According to Eqs. (26), (28) and (30), the final average excess pore
water pressure can be expressed as:
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Following the previous work considering large deformation [17],
the degree of consolidation using the change of surface settlement:

∫

∫
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+
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−
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U S
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0
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Noting that, the integral in Eq. (32) cannot be expressed by ele-
mentary functions. Thus, the Newton-Cotes formula [47,48] is used to
estimate the value of settlement.

3. Analytical model validation

The proposed analytical model was validated against laboratory
tests and numerical results conducted by the Zhou and Deng [29]. In

Table 1
Test soil layer properties and input parameters for analytical model.

Property Parameters used in two consolidation tests

Electroosmosis-surcharge preloading Electroosmosis-vacuum preloading

Soil thickness H (m) 0.225 0.225
Specific gravity of the solid Gs 2.62 2.62
Initial water content, w0 (%) 59.4 59.4
Initial void ratio, e0 1.57 1.57
Compressive index Cc 0.45 0.45
Radial hydraulic permeability index Ckh 0.99 0.99
Vertical hydraulic permeability index Ckv 0.99 0.99
Electroosmosis permeability index Cke 2.5 2.5
Initial radial hydraulic permeability coefficient kh0 (m·s−1) 2.1 × 10−9 2.1 × 10−9

Initial vertical hydraulic permeability coefficient kv0 (m·s−1) 2.1 × 10−9 2.1 × 10−9

Initial electroosmosis permeability coefficient ke0 (m2·s−1·V−1) 5.3 × 10−9 5.3 × 10−9

Initial effective stress ′σ0(kPa) 20 20
Voltage ϕa (V) 20 20
Stage loadings qi (kPa) 12.5, 25 and 50 0
Vacuum pressure (kPa) 0 −80
Radii of influence zone re (m) 0.125 0.125
Radii of smear zone rs (m) 0.075 0.075
Radii of drain rw (m) 0.075 0.075

Fig. 4. Development of settlement and average pore water pressure versus time
(a) electroosmosis-surcharge preloading; (b) electroosmosis-vacuum pre-
loading.
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their study, a cylindrical soil chamber (Φ500 × 250 mm in size) with a
full-depth cathode sitting in the center and an anode on the periphery of
the soil was used. They investigated two test scenarios: electroosmosis-
surcharge preloading and electroosmosis-vacuum preloading. The sce-
nario of the electroosmosis-vacuum-surcharge preloading was not stu-
died since the upper cover was not fabricated as expected to work under
the simultaneous application of surcharge and vacuum. The material
used in their tests was a kaolinite. In the test of electroosmosis-sur-
charge preloading, the applied voltage was 20 V with a potential gra-
dient 170 V/m. The surcharge loadings were applied incrementally in
three stages, t = 0, 24 and 48 h. In the test of electroosmosis-vacuum
preloading, the voltage gradient remained as 170 V/m. A vacuum
pressure of−80 kPa was applied throughout the test. This pressure was
assumed to remain constant in the cathode drain due to the relatively
shallow depth of the vertical drain. During the tests, a dial gauge was
mounted to the rigid loading cap to record the average soil settlement.
The soil properties, load details and model parameters were taken from
literature [29], which are shown in Table 1.

The experimental measured settlement and numerical and analy-
tical results for the two scenarios are presented in Fig. 4. In Fig. 4a, the
results include the settlement and average pore water pressure versus
time for the soil layer subjected to the combined usage of voltage and
surcharge loads. The final settlement is up to 50 mm (22.2% strain),
which means the nonlinear changes of soil parameter induced by the
large soil deformation are necessary to be considered. It can be found
that the settlement obtained using analytical solution agrees well with
the experimental and numerical results. Besides, according to the result
of average pore water pressure obtained by the analytical solution, it
also indicates that the proposed analytical model can satisfactorily
capture the jumps associated with the stepped loading. Even so, there is
also a little difference between the analytical solution and experimental
result within the first 20 h. The analytically predicted settlement is
slightly larger than that of experimental observation and numerical
solution at the beginning of the test, and this difference becomes in-
creasing small with the time. This can be attributed to the simplified
approach by replacing ′ ′σ σ 0with the approximation ′ + ′ ′=+∞σ σ σ[ ] 2t0 0

in the derivation of analytical solution. Using this simplification, the
soil compressibility coefficient is smaller than its practical value at the
beginning of the test, which accelerates the dissipation rate of the ex-
cess pore water pressure and leads to the faster settlement. Despite the
simplification, the predicted results from the analytical solution are still
consistent with the experimental data and numerical solutions in gen-
eral. Similarly, a good agreement is also attained in Fig. 4b, which
presents the settlement versus time for the test of electroosmosis-va-
cuum preloading. Therefore, given the results of agreement in the two
tests, the capability of the proposed analytical model with considera-
tion of nonlinearity is proved to be effective in predicting consolidation
of combined electroosmosis-vacuum-surcharge preloading.

Fig. 5 presents the development of degrees of consolidation and
dissipation versus time for the two scenarios. It can be found that the
consolidation rate of settlement (Us) is remarkably faster than that of
dissipation rate of pore water pressure (Up), which is greatly attributed
to the nonlinear changes of the soil deformation with the increases of
effective stress. Thus, if the degree of dissipation of pore water pressure
Up is chosen as the design index, the construction time will be pro-
longed and leads to the increase of construction cost. Actually, water
flow is the main factor that governed the consolidation process in the
saturated soils. Considering the water discharge and settlement are two
preferred measurements of the consolidation in the field projects, and
the water discharge changes linearly with the settlement when the soil
layer is highly saturated, the degree of consolidation Us is more suitable
to be chosen as the design parameter. This is the same as that in case of
consolidation considering large deformation [29,38]. Thus, the degree
of consolidation Us is used in the next analysis.

4. Parametric study

To study the effect of nonlinear variation of soil parameters on the
consolidation behavior under combined electroosmosis-vacuum-sur-
charge preloading, parameter analyses were conducted using the pro-
posed analytical solutions. The basic parameters used in the analytical
model are presented in Table 2. The ground and EVD installations were
determined in terms of field applications. The value ranges used in the
table define a medium thick, saturated, high compressibility clay layer.

In the analysis, the pore water pressure is the average value in
different depth and radius, which is defined as:

∫
=u

u z t dz
H
( , )

rz
0

H

(36)

4.1. Effect of considering nonlinearity

In this subsection, the analytical solution without considering
nonlinearity for combined electroosmosis-vacuum-surcharge pre-
loading consolidation [24] was adopted as comparison to illustrate the
advantage of the proposed analytical solution with the consideration of
nonlinearity.

Fig. 6 shows the influence of the compressibility index Cc on the
consolidation process. In this analysis, the single-stage loading was
adopted with the loading rate 60 kPa per day within the initial 5 days.
The compressibility index was chosen as 0.3, 0.5 and 0.7, respectively,
while the other parameters were kept as those in Table 2. It needs to
point out that compressibility index Cc was transferred into initial
compressibility coefficient mv0 using the relation shown in Eq. (15)
when it used in the solution without considering nonlinearity. Since the
larger compressibility index of the soft soil leads to the lower the
modulus of compressibility and the larger deformation. It can be ob-
served in Fig. 6a that an increase of compressibility index leads to the
larger excess pore water pressure in the first loading stage and slows
down the dissipation of the pore water pressure after that. However, the
dissipation of the pore water pressure is faster with the consideration of
nonlinear deformation than that without considering nonlinearity. This
can be explained by the decrease of the compressibility coefficient with
the increase of effective stress with the consideration of nonlinear.
Thus, the influence of the compressibility index on the development of
excess pore water pressure varies. For instance, the difference of the
development of pore water pressure with and without considering
nonlinearity becomes remarkable in the first loading stage for the soils
with the smaller compressibility index, for the excess pore water pres-
sure in the loading stage becomes much smaller with the consideration
of nonlinearity. This is mainly attributed to the obviously increase of

Fig. 5. Development of degrees of consolidation and dissipation versus time.
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the soil compressibility modulus, which then will quicken the devel-
opment of negative pore water pressure under electroosmosis and va-
cuum preloading. Additionally, due to the nonlinear change of hy-
draulic and electroosmosis permeability with the soil deformation as
expressed by Eqs. (2b) to (2d), the value of ke/kh governing the final
excess pore water pressure changes during the electroosmosis con-
solidation process. Since the decrease of electroosmosis permeability
with the decrease of void ratio is smaller than that of hydraulic per-
meability, the value of ke/kh is larger for soils with the higher com-
pressibility, which leads to the larger final negative pore water pres-
sure. In contrast, for analytical solution without considering
nonlinearity, the pore water pressures for different compressibility
coefficient approach the same final value. Fig. 6b shows that the de-
velopment of consolidation can be accelerated with the consideration of
nonlinear vary of soil parameters. Thus, the influence of the soil com-
pressibility on the consolidation process is larger compared with that
without considering nonlinearity from above analysis.

Fig. 7 compares the influence of the applied voltage on the con-
solidation behavior with and without considering nonlinearity. In this
analysis, the single-stage loading was applied which is the same as in-
troduced above, the applied voltage was set as 10, 30 and 50 V with the
other parameters kept as the same as those in Table 2. It can be in-
vestigated that the influence of the applied voltage varies with the
consideration of nonlinear change of soil parameters. As shown in
Fig. 7a, the applied voltage has a limited influence on the generation of
the excess pore water pressure during loading stage when ignoring the
nonlinearity. However, the peak value of the excess pore water pressure
after loading decreases obviously with the larger applied voltage when
considering the nonlinear change of soil parameters. This can be ex-
plained by the fact that the value of ke/kh increases remarkably with the
soil deformation, which magnifies the effects of applied voltage to
produce negative pore water pressure, and improves the generation of
the larger soil deformation in turn. After loading, the excess pore water
pressure dissipates with time under combined electroosmosis and va-
cuum preloading, and the dissipation of the pore water pressure is
obviously faster with the consideration of nonlinearity. It is worth to
note that the difference of pore water pressure between considering and
without considering nonlinearity increases with the increase of applied
voltage, which caused by the larger soil deformation with the higher
applied voltage and increasing the value of ke/kh in return. Fig. 7b
shows the development of average degree of consolidation under three
different applied voltages. It can be found that the applied voltage has a

negligible influence on the consolidation rate when ignoring the non-
linearity. However, with the consideration of nonlinearity, the con-
solidation time can be effectively shortened with the larger applied
voltage, which is consistent with the laboratory observation [43].

The development of the pore water pressure and degree of con-
solidation for different loading process is shown in Fig. 8 to investigate
the effect of considering nonlinearity. It is also shown that considering
nonlinearity can predict the faster dissipation of the pore water pres-
sure and the larger final negative pore water pressure no matter what
the patterns of surcharge loading applied. In Fig. 8a, it is easy to see
that the maximum excess pore water pressure decreases with gradual
surcharge loading applied, especially for the case considering nonlinear
deformation, which was also given in previous literature considering
combined vacuum and surcharge preloading [44]. In addition, with the
combined action of electroosmosis, the stability of soft foundation
under the surcharge loading can be approved for the loading-induced
positive excess pore water pressure can be effectively counteracted by
the electroosmosis-induced negative pore water pressure. For both
analytical solutions with and without considering nonlinearity, the
same final pore water pressures are arrived for three patterns of sur-
charge loading, which means no influence of surcharge loading type on
the final improvement effect. As shown in Fig. 8b, the consolidation

Table 2
Basic soil layer properties and analytical model input parameters.

Property Value

Soil thickness H (m) 5.0
Specific gravity of the solid Gs 2.65
Initial void ratio, e0 2.1
Compressive index Cc 0.5
Radial hydraulic permeability index Ckh 1.0
Vertical hydraulic permeability index Ckv 1.0
Electroosmosis permeability index Cke 2.5
Initial radial hydraulic permeability coefficient kh0 (m·s−1) 2 × 10−9

Initial vertical hydraulic permeability coefficient kv0 (m·s−1) 2 × 10−9

Initial electroosmosis permeability coefficient ke0 (m2·s−1·V−1) 2 × 10−9

Initial effective stress ′σ0 (kPa) 50
Voltage ϕa (V) 30
Initial surcharge loadings q0 (kPa) 0
Final surcharge loadings qf (kPa) 300
Vacuum pressure pv (kPa) −80
Reduction factor of vacuum pressure along the drains k1 0.5
Radii of influence zone re (m) 1.0
Radii of smear zone rs (m) 0.15
Radii of drain rw (m) 0.05
Ratio of radial hydraulic permeability coefficients in smear zone η1 2.0
Ratio of radial electroosmosis permeability coefficients in smear

zone η2
1.0

Fig. 6. Effect of compressibility index on the (a) dissipation of pore water
pressure and (b) development of degree of consolidation with and without
considering nonlinearity.
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time can also be remarkable shortened with the consideration of non-
linearity for three patterns of surcharge loading, and the time arriving
the final consolidation are the same with each other.

4.2. Effect of smear zone

To gain a further insight into the consolidation efficiency, the in-
fluence of the smear zone on the consolidation behaviour was examined
using the proposed analytical solution. As introduced in the previous
studies, a smear zone varies in diameter and hydraulic permeability
depending on the mandrel size and soil type [45,46]. The normal ranges
are up to four times the drain diameter and as low as one half of the
hydraulic permeability of the native soil. Therefore, the effects of the
smear zone size and reduction of hydraulic permeability in the smear
zone are need to be investigated in the design. In this study, the in-
stantaneously loading was adopted, the parameters used in the analy-
tical solution was the same as those in Table 2. The effect of smear zone
size on the consolidation behaviour was studied first with the diameter
chosen as rs/rw = 1.0, 3.0 and 7.0 and the hydraulic permeability
coefficient of the smear zone fixed as 0.5kh (η1 = 2). It needs to point
out that the value of rs/rw = 1 means the case where there is no smear

zone. The results of average pore water pressure, degree of

Fig. 7. Effect of applied voltage on the (a) dissipation of pore water pressure
and (b) development of degree of consolidation with and without considering
nonlinearity.

Fig. 8. Effect of loading type on the (a) dissipation of pore water pressure and
(b) development of degree of consolidation with and without considering
nonlinearity.

Fig. 9. Effect of smear zone size on the average pore water pressure and degree
of consolidation under combined electroosmosis-vacuum-surcharge preloading.
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consolidation and settlement are given in Figs. 9 and 10. Compared
with the case without smear zone, the consolidation progress is sig-
nificantly delayed with the appearance of smear zone. Meanwhile, the
final negative pore water pressure and settlement increase marginally
with the increase of smear zone diameter. This can be explained by the
increase of average value of ke/kh in the soil layer, which governing the
final negative pore water pressure, with the increase of smear zone
diameter. In addition, the curves of the degree of consolidation for the
two smeared cases remain close, which means a little influence of the
smear zone diameter on the consolidation rate under combined elec-
troosmosis-vacuum-surcharge preloading. Secondly, the effect of the
hydraulic permeability coefficient in the smear zone was investigated
with the values η1 selected as 1.0, 2.0 and 5.0 and the diameter of smear
zone fixed as 3.0rw. Noting that, the value of η1 = 1 is corresponding to
the case without considering smear effect. The analytical results are
presented in Figs. 11 and 12. The final average negative pore water
pressure and settlement increase with the decrease of hydraulic per-
meability in the smear zone. Meanwhile, the less permeable the smear
zone is, the smaller the degree of consolidation in the soil layer. These
results mean that the permeability of the smear zone inversely influ-
ences the settlement and positively influences the degree of con-
solidation if the other conditions kept constant. To our satisfactory,
above results obtained by the analytical model were also found by the
numerical simulation considering the large deformation [29], which

Fig. 10. Effect of smear zone size on the settlement under combined electro-
osmosis-vacuum-surcharge preloading.

Fig. 11. Effect of hydraulic permeability in smear zone on the average pore
water pressure and degree of consolidation under combined electroosmosis-
vacuum-surcharge preloading.

Fig. 12. Effect of hydraulic permeability in smear zone on the settlement under
combined electroosmosis-vacuum-surcharge preloading.

Fig. 13. Effect of Cke on the average pore water pressure and degree of con-
solidation under combined electroosmosis-vacuum-surcharge preloading.

Fig. 14. Effect of Cke on the settlement under combined electroosmosis-va-
cuum-surcharge preloading.
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confirms the reliability of the proposed analytical solution with the
consideration of nonlinearity.

4.3. Effect of Cke

Since the non-synchronous variations of hydraulic permeability and
electroosmosis permeability with the soil deformation, the nonlinear
consolidation behavior in the case of combined electroosmosis-vacuum-
surcharge preloading is also affected by the ratio of the electroosmosis
permeability index to the hydraulic permeability index. Considering the
change of electroosmosis permeability with the void ratio is smaller
than that of hydraulic permeability in practice, the value of Cke was
chosen as 1.0, 2.5 and 5.0, respectively, while the value of Ckh was kept
as 1.0. Note that, when the ratio of Cke/Ckh is equal to 1.0, the changes
of hydraulic permeability and electroosmosis permeability are syn-
chronous, which means the value of ke/kh keeps constant in the con-
solidation process. Figs. 13 and 14 show the influence of the electro-
osmosis permeability index Cke on the average pore water pressure,
degree of consolidation and settlement. The average pore water pres-
sure is greatly affected by the value of Cke/Ckh, with the final pore water
pressures for the values of Cke/Ckh 1.0, 2.5 and 5.0 are −265.1 kPa,
−445.3 kPa and −561.7 kPa, respectively. The maximum difference of
pore water pressure reaches about 300 kPa. Moreover, a larger value of
Cke gives the larger degrees of consolidation because a high value of Cke

implies a smaller decrease of electroosmosis permeability with the soil
compression deformation. It can also notice that the difference of
average degree of consolidation decreases with the increasing Cke,
which indicates the influence of the electroosmosis permeability index
on the consolidation rate becomes increasingly small with an increase
in the value of Cke/Ckh. In Fig. 14, the average settlement increases with
the increase in electroosmosis permeability index where the hydraulic
permeability index is fixed. The settlement values are 0.89, 0.97 and
1.02 m, which is corresponding to the values of Cke/Ckh 1.0, 2.5 and
5.0. A decreasing difference of the settlement with the increasing
electroosmosis permeability index can be found. Therefore, the effect of
electroosmosis permeability index can be ignored where there is a large
value of Cke/Ckh for the treated soils from a practical standpoint, such as
5.0 in this analysis.

4.4. Effect of Ckv

Figs. 15 and 16 present the variations in the average pore water
pressure, degree of consolidation and settlement versus time under
different value of Ckv. In this comparison, the surcharge loading was
assumed to be applied instantaneously, the value of Ckv was chosen as
0.1, 1.0 and 5.0, while the other parameters were the same as those in
Table 2. Noting that, when the value of Ckv is equal to 1.0, the change of
the vertical hydraulic permeability with the void ratio is the same as
that of horizontal hydraulic permeability. While the value of Ckv is
larger than 1.0, the decrease of the vertical hydraulic permeability is
smaller, and the value of Ckv is smaller than 1.0, the decrease of the
vertical hydraulic permeability is larger. It can be found that the ulti-
mate negative pore water pressure and settlement increase with the
decrease of Ckv, but the consolidation time is prolonged. From Eq. (2c),
when the value of Ckv is approached to the infinitely small, a slight
decrease of void ratio will induce the significant decrease of vertical
hydraulic permeability, and leading to the case of without considering
vertical flow. Thus, without consideration of vertical flow or over-
estimating of the decrease of vertical hydraulic permeability will in-
duced the overestimate of the final settlement and consolidation time.

5. Conclusion

This paper derives an analytical solution for the nonlinear con-
solidation with coupled radial‐vertical flow under combined electro-
osmosis-vacuum-surcharge preloading, by considering the depth-

dependent vacuum pressure, the variation of soil compressibility hy-
draulic permeability and electroosmosis permeability with void ratio.
Then, detailed solutions are provided for instantaneous, single‐stage,
and multistage loading. The present solution is verified by compared
with experimental and numerical results of settlement in a previous
study. Finally, the nonlinear consolidation behaviour is investigated
using the parametric analysis, and the results show that:

1. With the consideration of nonlinearity, the consolidation process is
accelerated compared with that without considering nonlinearity,
and the influence of the soil compressibility becomes more obvious.
The result shows a significant delay of the consolidation process and
an increase of the final negative pore water pressure with the in-
crease of compressibility index with the consideration of non-
linearity.

2. The influence of the applied voltage on the consideration behaviour
is magnified with the consideration of nonlinearity. The increase of
the final negative pore water pressure with the increasing applied
voltage becomes more remarkable, and the difference of the degree
of consolidation for various applied voltage can be well reflected.

3. Application of multistage surcharge loading combined with elec-
troosmosis and vacuum pressure can effectively reduce the excess
pore water pressure generated in the loading process, especially for
the case considering the nonlinear change of the soil parameters
with void ratio.

4. The presence of a smear zone delays the progress of consolidation
and increases the final negative pore water pressure and settlement,
and this effect increases with the increase of smear zone range and
decrease of hydraulic permeability coefficient of the smear zone,
with the consideration of nonlinearity.

5. The ratio of the electroosmosis permeability index to the hydraulic
permeability index (Cke/Ckh) significantly affect consolidation pro-
cess. With an increase in the value of Cke where the value of Ckh is
kept constant, the final negative pore water pressure, settlement and
consolidation rate are increased, but the further increases are lim-
ited with the continue increasing value of Cke/Ckh.

6. With a decrease in the value of Ckv, the final negative pore water
pressure, settlement and consolidation time are increased, and it is
the same as the case of without considering vertical flow when the
value of Ckv approaches infinitely small.
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Appendix A

When the time approaches infinite for electroosmosis consolidation, the following equation can be satisfied for the pore water flow in the radio
direction:
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Considering the nonlinear change of hydraulic and electroosmosis permeabilities according Eqs. (2a), (2b), and (2d):

=

=

′
′

′
′

−

−

( )
( )

k k

k k

h h
σ

σ

e e
σ

σ

0

0

Cc
Ckh

Cc
Cke

0

0 (A3)

Taking Eq. (A3) into (A2) leads to the following equation:
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Defining:
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Then, Eq. (A4) can be transferred into:
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Integrating Eq. (A6), the solution of final pore water pressure induced by electroosmosis in the radial direction is given as:

Fig. 16. Effect of Ckv on the settlement under combined electroosmosis-va-
cuum-surcharge preloading.
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Then, the average final pore water pressure induced by electroosmosis can be
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The integration of Eq. (A11) can be obtained using the numerical method of Newton-Cotes formula.
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